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Abstract. We prove that the Benjamin-Ono initial- value problem is locally 
well-posed for small data in the Banach spaces (M), cr > 0, of complex-valued 
Sobolev functions with special low-frequency structure. 



1. Introduction 

In this paper we consider the Benjamin-Ono initial- value problem 

dtu + ndlu + d,iuy2) = 0; 
u{0) =0, 

where Ti is the Hilbert transform operator defined by the Fourier multiplier 
—i sgn(^). This initial- value problem has been studied extensively for real- valued 
data in the Sobolev spaces H"{R), a > (see, for example, the introduction of 
j7j for more references). In this paper we consider small complex-valued data with 
special low-frequency structure. 

We define first the Banach spaces if'^(M), a > 0. Let 7]q : M. ^ [0, 1] denote an 
even smooth function supported in [—8/5, 8/5] and equal to 1 in [—5/4, 5/4]. For 
/ e Z let XliO = ^o(e/20 - ^o(e/2'-'), Xi supported in : 1^1 e [(5/8) ■ 2^ (8/5) ■ 
2^]}. For simplicity of notation, we also define the functions 77^ : M [0, 1], / G Z, 
by = if ^ ^ 1 s'-iid r// = if Z < — 1. We define the Banach space i?o(IR) by 

Bo ={/ e L'^{R) : / supported in [-2,2] and 

||/||s„:= inf ||J--J(^)||i.+ 2-''/'\\x,'-h^<oo}. ^^'^^ 

f=g+h '^^> ^ /-^ e 

fe — — 00 

Here, and in the rest of the paper, jF(rf) and J-"^^ denote the Fourier transform 

and the inverse Fourier transform on M'', 0? = 1, 2. For a > we define 

00 

H'' = {^eL\R) : M\l^ := \\vo ■ J'iimilo + Y.^"'''\\Vk ■ ^F^imih < 00}. 

k=l 

(1-3) 
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The definition shows easily that H'^ "—>■ a > 0, and 

\M^)\\h^ < C\\4>y^ for any A G (0,1] and a > 0, (1.4) 

where 6x{(j)){x) := X(j){Xxy. For any Banach space V and r > let B{r, V) denote 
the open ball {v & V : ||f ||y < r}. Let Z+ = {0, 1, • • •} and 

= 1^ H'^ with the induced metric. 

Our main theorem concerns local well-posedness of the Benjamin-Ono initial- 
value problem ()1.1|) for small data in H'^, cr > 0. 

Theorem 1.1. (a) There is a constant e > with the property that for any 
(J) & B{e, H^) n H°° there is a unique solution 

M = 5~(0) G C([-l,l] : 5°^) 

of the initial-value problem fll.l|) . 

(b) The mapping S°°{(f)) extends (uniquely) to a Lipschitz mapping 

5° : B{e,H^) ^ C([-l,l] : H°), 

with the property that S'°(0) is a solution of the initial-value problem p.lj) for 
any (p G B{e, H^) (in the sense of distributions). 

(c) Moreover, for any a G [0, oo) we have the local Lipschitz bound 

sup ||5°(0)(t)-S°(0')(t)llH. <C(a,i?)||0-0'||^. (1.5) 

te[-i,i] 

for any R > and (p, (j)' G B(e, H'^) fi B(R, H'^). As a consequence, the mapping 
gO restricts to a locally Lipschitz mapping 

5" : B{e, H^) n ^ C([-l, 1] : H"). 

We discuss now some of the ingredients in the proof of Theorem 11.11 The main 
obstruction to proving a well-posedness result for the Benjamin-Ono equation 
using a fixed-point argument in some X°"'* space (in a way similar to the case of 
the KdV equation, see |2]) is the lack of control of the interaction between very 
high and very low frequencies of solutions (cf. ^S] and |14j). The point of the 
low-frequency assumption ?7o ■ G i?o is to weaken this interaction.^ Even with 
this low-frequency assumption, the use of standard X*^'* spaces for high-frequency 
functions (i.e. spaces defined by suitably weighted norms in the frequency space) 
seems to lead inevitably to logarithmic divergences (see [3 and sectional). To 

^The inequality (|1.4|) does not improve, however, as A — > 0, so the spaces H'^ are, in some 
sense, criticaL Because of this we can only allow small data. 

^Herr [S] has recently used spaces similar to H'^ to prove local and global well-posedness 
for the "dispersion-generalized" Benjamin-Ono equation, in which the term Tid^ is replaced by 
Dl'^'^dx, a S (0, 1]. In this case the logarithmic divergence mentioned above does not occur. 
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avoid these logarithmic divergences we work with high-frequency spaces that have 
two components: an X'^'^-type component measured in the frequency space and a 
normahzed LlL'f component measured in the physical space. This type of spaces 
have been used in the context of wave maps (see, for example, [TT], |T2], [2^1; 
[24\ . (19j, and [ID])- Then we prove suitable linear and bilinear estimates in these 
spaces and conclude the proof of Theorem 11.11 using a recursive (perturbative) 
construction. Many of the estimates used in the proof of Theorem 11.11 have 
already been proved in [7j. There are, however, several technical difficulties due 
to the critical definitions of the spaces Bq and H"^ (see (jl.4j) ). which in this paper 
are larger than the corresponding spaces Bq and H"^ in [7^. 

The rest of the paper is organized as follows: in section |21 we construct our 
main normed spaces and summarize some of their basic properties. In section |3] 
we state our main linear and bilinear estimates; most of these estimates, with the 
exception of Lemma f3. 31 are already proved in f7j. In section |3] we combine these 
estimates and a recursive argument (in which we think of the nonlinear term as 
a perturbation) to prove Theorem 11.11 Finally, in section El we construct two 
examples that justify some of the choices we make in our definitions. 

2. The normed spaces 
Assume rji and Xh I ^ are defined as in section [T] For li < I2 E Z let 

h h 
VlhM] ='^Vi and ri<i2 = ^ rji. 

l=ll l= — OD 

For l^e Z let /i = G M : |^| G [2^-\ 2'+^]}. For / G Z+ let 7^ = [-2, 2] if Z = 
and Ii = Ii if I > 1. For A; G Z and j G Z_|_ let 

Dk,j = {{^,r)eRxR:^eIk,r- u{0 G /,} if A; > 1; 
Dk,j = {i^,T)eRxR:^eIk,rElj} iik< 0, 

where, for ^ G M, 

uio = -m- (2.1) 

We define first the normed spaces = Xk{R x M), k E Z_|_: for > 1 let 
Xk ={f E : f supported in 1^ x M and 



X, := J22^/'Pk,Mir-uiO)fi^,r) < 00}, 

j=0 



(2.2) 



where 

(3k,j = 1 + 2(^'-2'=)/^ (2.3) 
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The precise choice of the coefficients (3k,j is important in order for all the bilinear 
estimates (j3.4|) . (j3.5|) . (j3.6|) . and (j3.7j) to hold (see the discussion in sectional). 
Notice that 2^^'^l3k,j ~ 2^ when k is small. For k = we define 

Xq ={f G : f supported in Jq x R and 

oo 1 ^2 4) 

ll/IUo E E '^''''^'\hir)Xk'iOm,r) WlI^ < oo}. 

j=0 k'=—oo 

The spaces are not sufficient for our purpose, due to various logarithmic 
divergences involving the modulation variable. For k > 100 and A; = we also 
define the normed spaces = yA:(I^ x I^)- For k > 100 we define 



Yk = {f E L'^ : f supported in D^j and 

j=0 

\\f\\y, := 2-'/' 1 1 [(r -u;iO + r)] | U^^. < oo}. 

For = we define 

Yq = {f E L'^ : f supported in Jq x R and 

oo 

Y, := E2'll-^(2f[^.M/(e,^)]llLiL? < oo}. 

j=0 



(2.5) 



(2.6) 



Then we define 

Zk := Xk if I < k < 99 and Zk := Xk + Ykif k> 100 or A; = 0. (2.7) 

The spaces are our basic normed spaces. The spaces Xk are X^'^-type spaces; 
the spaces Yk are relevant due to the local smoothing inequahty 

||5xM||L-i2 < C\\{dt + ndl)u\\LiL'i for any u G 5(R x M). 
For e Z+ let 

Afc(e,r) =r-^(0 + Hf fc> 1; 
Afc(e,r) =r + i if fc = 0. 

For a > we define the normed spaces = F'^(M x M) and N" = N^iRxR): 



oo 
fc=0 

(2.8) 
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and 

oo 

N'^=[ue C{R : H°°) : \\u\\%. := 22'^'=| |r^,(OA,(e, r)-%)(«)| ||^ < oo}. 

fc=0 

(2.9) 

We summarize now some basic properties of the spaces Z^. Using the defini- 
tions, if > 1 and fk € then fk can be written in the form 

oo 

fk=Yl fk,j + 9k', 

oo (2.10) 

j=0 

such that fkj is supported in Dkj and gk is supported in IJ^=o (if A; < 99 
then = 0). If /o G then /q can be written in the form 

oo 1 ^ oo 

fo= fo.j + 9o,j', 

oo T°''=-°° oo (2.11) 

E E 2^-'=V2||;^fc^;.||^, + ^2^-||J-(,J(^o.0llLiL?<2||/o|U^^ 

j=Ofc'=— oo j=0 

such that /oj is supported in -D^'j and (70 j is supported in Iq x Ij. The main 
properties of the spaces Z^ are hsted in Lemma I^TD below (see [71 Section 4] for 
complete proofs). 



(2.12) 



Lemma 2.1. (a) If m,m' : M ^ C, k>0, and G Z^ then 

\\miOfki^,r)\\z, < C||.F(7j(m)||z.i(M)||MU,; 
IK(r)/,(e,r)|U, <C|K|U^(M)||MU,. 

(b) If k > 1, j > 0, and fk G Z^ then 
\\vAr-uj{0)fk{^,r)\\x,<CU\\z,. (2.13) 

(c) If k > 1, j & [0,k], and fk is supported in Ik x R then 
ll-^(2)'[%.(^-^(0)^(e,r)]|Li^2 <C||^(-J(/,)||^.^.. (2.14) 

(d) If k > 0, t eR, and fk G Zk then 
\\I^fki^,r)e^'^dT\\^,<C\\fk\\z, ^f k > 1; 



I^m,r)e^''dT\\^^^<C\\foU, if k = 0. 



(2.15) 



As a consequence, 

sup ||m(., t) II ff,T < C'o-||n||i7<T for any a > and u G F" . (2-16) 
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(e) (maximal function estimate) If k > 1 and (/ — d'^)fk G then 

\\J'[,]{fk)\\LiLr < C2^/^||(/-5^)MU,. (2.17) 

(f) (local smoothing estimate) If k > 1 and fk G then 

\\J'(,]{fk)\\L^L^<C2''/'U\\z,. (2.18) 

3. Linear and bilinear estimates 

In this section we state our main linear and bilinear estimates. For any u G 
C(M : L^) let u{.,t) G C(M : L^) denote its partial Fourier transform with respect 
to the variable x. For G L'^(R) let W{t)(j) G C(M : L^) denote the solution of 
the free Benjamin-Ono evolution given by 

[iy(t)0]~(e,t) = e^*-«)j-(i)(0)(O, (3.1) 

where uj{C,) is defined in fl2.1|) . Assume : M — [0, 1] is an even smooth function 
supported in the interval [—8/5,8/5] and equal to 1 in the interval [—5/4,5/4]. 
Propositions 13.11 and 13.21 below are our main linear estimates (see j?! Section 5] 
for proofs). 

Proposition 3.1. If cr > and G H°° then 

mt)-iwit)mF^<cMH^- (3.2) 

Proposition 3.2. If a > and u G A^'^ then 

Mt)- f W(t-s)(u(s))ds <C^||m|U-. (3.3) 

Jo 

We state now our main dyadic bilinear estimates: 

Lemma 3.3. Assume k > 20, A;2 G [k — 2,k + 2], f^^ G Zj.^, and /o G Z^. Then 

2'\\^k{i) ■ (T-ujiO + ^r'fk, * fo\\z^ < C||/.,|U,J|/o|Uo. (3.4) 

Lemma 3.4. Assume k > 20, k2 G [A; — 2, A; + 2], fk^ G Zk^, and fk^ G Zk^ for 
any ki G [l,k — 10] fl Z. Then 

fc-10 

2l|r/fc(O(r-u;(O + 0~Vfc.*E/'^'Jlz, ^C'||/,,|U,^ sup - d'^)fk,\\z,,. 

* fciG[l, fc-10] 

(3.5) 



fc,=i 



Lemma 3.5. Assume k,ki,k2 G Z+ have the property that max (/c, fci, ^2) ^ 
min {k, ki, k2) + 30, fk^ G Zk^, and fk^ G Zk^- Then 

||e-r^,(0-A,(e,r)-Vfc.*/fc.L, <C||/,J|z,J|/fc.lU,,. (3.6) 
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Lemma 3.6. Assume k,ki,k2 G Z+, ki,k2 > k + 10, \ki — k2\ < 2, fk^ G 2'^^, 
and G Z^^ . Then 

||e-r^,(0-A,(e,r)-%*/fc.||^^<C2-'/1l/.J|z,J|/.J|z,,. (3.7) 

Lemmas .41 and Klfjl are already proved in [3 Sections 7 and 8] (for Lemma 
13.51 see also the bound (8.9) in 7J). We only provide a proof of Lemma IX^ The 
main ingredient is Lemma f3.7l below, which follows from Lemma 7.3 in [7 . 

Lemma 3.7. Assume that k > 20, ki G (-oo, 1] n Z, k2 G [k - 2,k + 2], 
j,ji,j2 G fkiji is an function supported in -Dfcui, and /fcaja i^ '^'^ -^^ 
function supported in D^^j^. Then 



2'2^''PuA\Vk{Omir - uj{mr - ^(0 + ^)-\fk.,n * A.^JIIl^ 
If ji > + fci — 20 then we have the stronger hound 



i2 



2'2^/'P,J\r^,{OVjir - ^(0)(r - ^(0 + ^r\fkun * fk.,n)\\ 

< (^■.^•^)/2(2'^^/2 + 2-'/y ■ 2^^\\f,,,,A\L- ■ 2^-^/X,,,||/,„,,|U2. 

In addition, l^^ , (^, r)(/fc^j^ * /^^jj = unless 



(3.9) 



max (j, ji, J2) G [/c + fci - 10, /c + fci + 10] or 

max {i, 31,32) >k + ki + lO and max {3,31,32) - med (j, ji, J2) < 10. 

(3.10) 

The restriction (j3.10p follows from the elementary dispersive identity 
\uj{ii + 6) - ^(^i) - ^(6)1 = 2 mind^il, 161, 16 + 61) ■ med(|6|, |6|, 16 + 61), 

where med(«i, 02, 03) = ai + ^2 + ^3 — max(ai, 02, ^3) — min(Q;i, ^2, c^s) for any 
ai, a2, 0:3 G M. 

Proof of Lemma [3^31 We use the representations (j2.10p and (j2.11|) and analyze 
three cases. 

Case 1: /o = f^j^ is supported in Dt^j^, fk^ = fk2,j2 is supported in -Dfc2j2, 
Ji,j2 > 0, fci < 1, ll/olUo ^ 2^-'=^/2||/o^_J.J|^2, and ^ 2^V2^^^_.j|/^^^^.^||^,. 

The bound ()3.4|) which we have to prove becomes 

2'\\vk{0<r-u{0 + ^)-'fk2,J2*f^:,,\\,^<C2^'-''/'\^^^^^^^^ 

(3.11) 

Let/ifc(6''") = '7ifc(0(''"~'^(0+0 ^(/A;2,j2 */oji)(6 'i^)- The first observation is that 
for most choices of ji and j2, depending on k and /ci, the function hk is supported 
in a bounded number of regions D^j, so ()3.8p suffices to control 2^^! In 
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view of the function hk is supported in a bounded number of regions -Dfcj, 

and (|3.11|) follows from (j3.8j) . unless 

\ii -{k + ki)\ < 10 and j2 < k + h + 10 or 
\j2 -ik + ki)\< 10 and ji<k + ki + 10 or (3.12) 
ji,j2 >k + ki-10 and \ji - j2\ < 10. 

Assume fl3.12|) holds. Using ()3.10p . Ijj^^ t) ■ = unless j < max(ji, J2) + 
C. We have two cases: if ji > k + ki — 20, then, in view of ()3.12j) . j2 < ji + C* 
and the function hk is supported in IJj<ji+c-^fcj- ()3.9j) . 

3<h+c 

<C[Y, 2— (^•'^■^)/2]2-^'^/2 . 2^-^||/o^}J|i. ■ 2^V2^^^^.j|j^^^.j|^,^ 
i<h+c 

which suffices for ()3.11|) . 

Assume now that ji < k + ki — 20, so, in view of ()3.12p . |j2 — + ^i)! < 10 
and the function hk is supported in |Jj<fc+fci+c -^^^.i- Then, using Lemma [2111(b) 
and (c) 

211/i.lU, <C2^'/'||-^(2)'[(^-^(O + 0/^fc(e,r)]|Ui^. 

< C2''/^| I J'~^^(/q^^^.J I |2,2ij« I |^(2)^(/fc2 ,i2) I Il2l2 

< C2(^-'=^)/2||/o^,J.JU2 . 2('=+'=^)/2||/,,,,.J|^2, 

which suffices for ()3.11|) since |j2 — (^ + ^i)| < 10. 

Case 2: /o = f^)^ is supported in Dk^^j^, ji >0,ki< 1, /^^ = gk^ is supported 

in [Jj,<k,-iDk,,j,,\\fo\\zo ^ 2^^-'^/'\\f^^,,\\L^, and ||/,JU,, ^ The 
bound ()3.4|1 which we have to prove becomes 

2^=1177,(0 • (r-^(0 + */ol||^, < C2^^-'^/'\\ft:,M ■ (3-13) 

We have two cases: if ji > k + ki - 20 then let gk2,j2i^2, T2) = 9k2i^2, T2)^j2(^2 - 
^{^2))- Using Xk norms. Lemma IZD (b). ()3.10|1 . and ()3.9|1 . the left-hand side of 
(j3.13p is dominated by 

C 2'=2^V2^fcJ|r7,(Or],(r-a;(0)(r-^(0 + 0"'(/o,i,*^7^2.2)IU^ 
i,j2>o 

< C{2'^/' + 2-'/^' ■ 2^'^ll/o,iJU^ E 2-^^<^'^-y' ■ V'I^Pk2,n\\9k2,n\y 

j,j2>0 

which suffices to prove ()3.13p in this case. 
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Assume now that ji < k + ki — 20. Let 

fl-fca.lowfe, ^2) = S-fcafe, ■ V<k+k^-20{r2 - ^^(6)); 
5'fe2,high(6, n) = fi-fcate, 1"2) ■ (1 - %fc+fci-20(T2 - 

In view of flH.l()|l . the function /oji *5'fe2,iow is supported in the union of a bounded 
number of dyadic regions -Dfcj, \j — {k + ki)\ < C. Then, using Xk norms in the 
left-hand side of fl3.13|l and Lemma f2. II (c) and (f), 

< C2^^"''^)/^| 1:^(2? (/o^^^.J 1 1^2^00 1 1 J'(2j(fi'fc2,low) I |L-i2 

< C2^'~'^y' . 2^-^/2||/o\|U2 . 2-'=/2||^?,„io„||y,^ 

<C2(^'^-'^)/^ll/o,i-JU-lk2l|y.,, 

which agrees with ()3.13|1 . To handle the part corresponding to /q^^ * S'fca.high, we 
notice that, in view of Lemma f2. II (b), 

||^7fc2,high||L^,, <C72-('=+'=^)/2||^7.2lln,- 
Then, using Yk norms in the left-hand side of ()3.13|1 and Lemma f2. II (c), 

2'\\v,iO ■ (r - u;iO + ^)-^^7fe2,high * /o'} J < C2'/'\\J'[,]if^:,, * ^^fe.high) 1 1 l^l? 

< C2''/^| |j^(2)^(/o^^^.J I |i2ij« I |J^(2)^(5'fc2,high) I |l2 

< C2^/2 . 2^-^/2||/o^_J.J|^2 ■ 2-(^+^i)/^||^7fc,||y,^ 

<C^2(^'^-'^)/^ll/o,i-JU-lk2l|y.,, 
which completes the proof of ()3.L3|1 . 

Case 3: /o = goj^ is supported in Jq x 7^^ , ji > 0, ||/o|Uo ~ '^^^\\J^(2)i9o,ji)\\LiL^- 
The bound ()3.4p which we have to prove becomes 

2'\\miO-ir-ujiO+i)-'fk,*9o,n\\z,<C2''\\^-\9o,J\^^^^^^^ (3.14) 

This is proved in [71 Estimate (7.12)], which completes the proof of Lemma (3.31 

□ 

We prove now our main bilinear estimate for functions in F'^. 

Proposition 3.8. If cr >0 and u,v E F"^ then 

\\dx{uv)\\M<^ < Co-d 1^1 |f<^| I'yl |fo + 1 1""! l^^l If''). (3.15) 

Proof of Proposition \3.(A For A; G we define F^^^.t) = ?7fc(0-^(2)('")(^) ''") 
Gk{^,r) = 7^,{0:F(^2){vm,r). Then 
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and 
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We observe that T]k{C)\Fki * Gk.^{^, r) = unless 

ki < k - a.nd k2 e [k - 2,k + 2] or 
kie[k-2,k + 2] and fci < A; - 10 or 
fci, fca e[k- 10, A; + 20] or 
fci, ^2 > A; + 10 and \ki — k2\ < 2. 

For fc, fci, A;2 € Z+ let 
Using the definitions, 

k>0 ki,k2 

For A; G Z+ fixed we estimate, using Lemmas EISl IS31 Ei^ and IH.fj^ 



(3.16) 



ki,k2 



< 



fc2 



fc2-fc|<2 fci<fe-10 



fci-fe|<2 fc2<fc-10 



k,ki^k2 I 1 2'/,. 



+ ii-f^fe,fci,fc2ikfe + 

fci,fc2G[fc-10,fc+20] fei,A:2>fc+10, |fci-fc2|<2 

<C[ \\Gk2\\z,^]-\MF0 + C[ Y ll^fcilU.J ■ll^lli^" 

fc2-fc|<2 |fci-fc|<2 



|fci-fc|<20 



|fc2-fc|<20 



+c2-'=/*[$:iin,iiij"'[$:iiG.jiij 



,2 11/2 



ki>k 



k2>k 



The bound ()3.15j) follows. 



□ 



4. Proof of Theorem 11.11 



In this section we complete the proof of Theorem 11.11 The main ingredients 
are Propositions 13. ll 13.21 and 13. 8t and the bound ()2.16|) . For any interval I = 
[to — a,tf) + a], to G IR, a G [0, 5/4], and a > we define the normed space 

= {m G C(/ : ^°°) : = inf \\u\\f- < oo}. 

u=u on Rx/ 

With this notation, the estimate in Proposition 13. 11 becomes 

\\W{t-to)<j)\\F^ilto-a,to+a])<CMH^ for any G (4.1) 
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By combining Propositions IH.2I and 13.81 we obtain (with I = [to — a, to + a]) 

W{t - s){d^{u ■ v){s)) ds < C^{\\u\\F'^(i)\\v\\Fom + \\u\\Fom\\v\\F'^(i)), 

to 

(4.2) 

for any u,v E -F'^([to — (^,^0 + o])^ cr > 0. Finally, the estimate (j2.16p becomes 
sup ||u(.,t)||^„ < Ca\\u\\F''{[to-a,to+a]) for any u e F''{[to-a,to + a]). (4.3) 

te[to—a,to+a] 

Proof of existence. We prove first the existence part of Theorem ll.il including 
the Lipschitz bounds in (b) and (c). Assume, as in Theorem II. H that (p G 
n B{e, H^). We define recursively Un E C([-l, 1] : ^°°), 

uo = 

Un+i = Wit)(l) - \ /J W{t - s){d^{ul){s)) ds for neZ+. ^ ' ^ 
We show first that 

||-u„||i?o([_i < C||0||^o for any n G Z_|_ if e is sufficiently small. (4.5) 

The bound ()4.5|) holds for n = 0, due to ()4.ip . Then, using ()4.2p with a = 0, it 
follows that 

||Mn+l||FO([-l,l]) < C'||0|li^O + C'||Mn||FO([-l,l])' 

which leads to (j4.5|) by induction over n. 
We show now that 

\\un — M„_i||i?o([_i 1]) < C2~" • 11011^0 for any ri G Z+ if e is sufficiently small. 

(4.6) 

This is clear for n = (with m_i = 0). Then, using ()4.2|) with a = 0, the 
definition and (H31l 

\\Un+l — Un\\FO{[-l,l]) <C - I- \\Un — ^n-l || F0([-1,1]) , 



which leads to ()4.6|1 by induction over n. 
We show now that 

||^^n||F<'([-i,i]) ^ C'(cr, ||0||/^<t) for any n G Z+ and a G [0,oo). (4.7) 

For a G [0,2], the bound (j4.7p follows in the same way as the bound (j4.5j) . by 
combining ()4.1|) . ()4.2p . and induction over n. Thus, for ()4.7|) it suffices to prove 
that 

||</'^'Mn.||F'^o([-i 1]) < (^(cr', ll-'^'^Vll/f'^o) fo^ ^ ^ ^' ^ ^+ ^lld ^0 £ [0, 1). 

(4.8) 

We fix (Jo, and argue by induction over a'; so we may assume that 

\\r'-\un)\\F^oi[-i,i]) < C((t', II J'^'^Vb.o) for any n G Z+, (4.9) 
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and it suffices to prove that 

II'9:'K)||f-o([-i,i]) < C{a\ Wr'HH^,) for any n G Z+. (4.10) 
The bound ()4.10|) for n = follows from ()4.1|) . We use the decomposition 

d^Jd^iO = '^dA^iun ■ u^) + ^n, (4.11) 

where 

a[+cr'2=o-' and cr'i,cr'2>l 

Using ()4.2|) and the induction hypothesis ()4.9|) . we have 



\ fw{t-s){E^{s))ds <C(aM|J' 

2 Jo F-o{[-l,l\) 



We use now the definition (j4.4j) . together with the bounds (j4.1|) and (j4.2p to 
conclude that 

Px'«n+l||F-o([-l,l]) < C(a', WJ^'Hh-o) 

+ C ■ \ \dl 'Un||F'^0([-l,l]) ■ ||Mrt||FO([-l,l]) + C ■ |fO([-1,1]) " | l^n 1 1 F'^o ([-1,1]) . 

(4.12) 

Assume first that cxo = 0: the bound ()4.10p follows by induction over n, using 
()4.5|) . provided that e is sufficiently small. Thus, for any ctq G [0, 1), the last term 
in the right-hand side of ()4.12|) is also dominated by C(ct', || J°" 0||^<to). Then we 
use again ()4.12|1 to prove ()4.in|l for any ctq G [0, 1). 
Finally, we show that 

\\un — '"n-i||F<^([-i,i]) < C{o-, j^^) ■ 2~" for any n E and ci G [0, cxo). (4.13) 

For a G [0,2], the bound ()4.13|) follows in the same way as the bound ()4.6|) . by 
combining (jUIJ, ()4.2|1 . induction over n, and the bounds ()4.6|1 and ()4.7|1 . Thus, 
for ()4.13j) it suffices to prove that for any cr' G Z+ and ctq ^ [0? 1) 

Wr'iun - m„-i)||f<^o([-i,i]) < C(a', Wr'miH^o) ■ 2~" for any n G Z+. (4.14) 

As before, we fix ctq and argue by induction over a'. We use the decomposition 

- M^_i)) = d^[d"'{un - Un-i) ■ {un + u„-i)] + othcr terms. (4.15) 

We use the induction hypothesis and (j4.2p to bound the F'^"([— 1, 1]) norm of the 
other terms in the decomposition above by C(cr', \\J" (0)||^,to) ■ 2~". Then, using 
()4.2j) again, we obtain 

\\d:'{un+i - m„)||f^o([-i,i]) < c{a', wr'^a.,) ■ 2-" 

+ C ■ ||5^'(m„ - M„_i)||f-o([-1,1]) ■ (||m„||fO([-1,1]) + ||^^n-l||FO([-l,l])) (4.16) 
+ C ■ \\d^ {Un — 'Un-l)||FO([-l,l]) " ( | l^n | If-'O ([-1,1]) + | l^n-l | |f<'0 ([-1,1]) ) . 
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As before, we use this inequality first for (Tq = 0, together with ()4.5|1 and induction 
over n, to prove (j4.14j) for ctq = 0. Then we incorporate the last term in the 
right-hand side of ()4.16|) into the first term C(cr', || J°" 011^^0 ) ■ 2~", and apply the 
inequality again for any G [0, 1). The bound ()4.14|) follows. 
We can now use ()4.13|) and ()4.3p to construct 

u = lim Un e C([-l,l] : H°°). 

In view of fjO)) . 

1 /■* 

u = W{t)^ - - / W{t- s){d^{u\s))) ds ojiRx [-1, 1], 

2 Jo 

so S°°{(f)) = M is a solution of the initial- value problem p.lj) . 

For Theorem ll.il (b) and (c), it suffices to show that if a G [0, oo) and 0, 0' G 
B(e, H) n then 

sup ||5°°(0) - 5°°(0')lb. < 11011^. + ||0'||^.) ■ 110 - 0'||^.. (4.17) 

iG[-l,l] 

Part (b) corresponds to the case cr = 0. To prove (j4.17j) . we define the sequences 
Un and u^, n G Z+, as in ()4.4|) . In view of ()4.3|) . for ()4.17|) it suffices to prove 
that for CT > and n G Z_|_ 

- < ll</>lb. + U'Wh^) ■ 110 - 0lb^- (4.18) 

The proof of (j4.18p is similar to the proof of (j4.13|) : for cr G [0,2] we use (j4.H) . 

(j4.2j) . and induction over n. For a > 2 we write cr = ctq + cr', cr' G Z+, erg G [0, 1), 

use a decomposition similar to (|4.15|) . and argue by induction over cr'. This 
completes the proof of ()1.5|) . 

Proof of uniqueness. We prove now the uniqueness statement in Theorem ll.il 
if Mi,M2 G 1,1] : if°°) are solutions of the initial-value problem ()1.1|) and 

Mi(0) = U2(0) = G 5(e, #°) n then Ui = Ma- For any T G [0, 1] we define 

M/(T) = ||Mi||FO([-r,T]) for / = 1,2. 

Since ui, I = 1,2, are solutions of p.l|l . we have 

1 /■* 

- / W{t -s){d^{uf{s)))ds on Rx[-T,T] for any T e [0,1]. 

(4.19) 

Thus, using fBTT]) and (jO)) with o" = 0, 

M,(T) < Co(e + MKT)2), Z = 1,2, Tg [0,1], 
which, provided that e is sufficiently small, implies that 

Mi{T) < 2Coe or Mi{T) > {2Co)-\ 



ui{t) = W{t)4> 
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The uniqueness statement would follow from ()4.19j) and ()4.2j) if we could prove 
that M;(T) < 2Coe for all T G [0, 1], Z = 1, 2. For this we need the following quasi- 
continuity property (see [201 Section 12] for the proof of a similar statement). 

Lemma 4.1. Assume u G C([— 1,1] : is a solution of the initial-value 

problem (jl.lj) and define 

M{T) = \\u\\fO{[-t,t]) for any T E [0, 1]. 

Then, for any c > there is C > 1 (which does not depend on u) such that 



for any T G [0, 1] . 



lim sup M{t) < C ■ lim inf M(t) + c, (4.20) 



5. Two EXAMPLES 



We show first that the bilinear estimate in Lemma 13.41 fails logarithmically if 
the space Zk in the left-hand side of ()3.5|) is replaced with Xk. This is the main 
reason for using the spaces Yk. 

Proposition 5.1. Assume k > 20. Then, for some functions fk G and 

fi e X,, 

2l|%(0(r - ^(0 + ^r\fk * /i)||^^ > c-'k\\{i - 9^)MUJ|(/ - 9^)A|U,. 

(5.1) 

Proof of Proposition \5.1l With if) as in section |2l let 

/i(6,n) = V^(lO(ei-2))-V^(n); 

A(6, r2) = ^(6 - 2'^) ■ ^{2-^-'\r, - a;(6))). 

Then \ — dl)fi\\x^ ~ 1 and — d'^)fk\\xk ~ 2'^. An easy calculation shows 
that 

\{fk * fM, r)\ > if ^e[2'- 1/2, 2^= + 1/2] and |r - ^(0| < 2^ 
The bound ()5.1|) follows from the definitions. □ 

Our second example justifies the choice of the coefficients Pkj in fl2.2|) and ()2.3p . 
as well as the restriction a > in Proposition 13.81 



Proposition 5.2. With the definitions of the spaces F'^ and N"' in (12. 8j) and 
(|2.9|) . the inequality 

\\dx{uv)\\j^cr < Ca-\\u\\F'^ ■ II'^^IIf'^ (5.2) 
holds if and only if cr > 0. 
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Proof of Proposition \5 /A For k large and : M — [0, 1] as before, we define 
and M_ by 

-^(2)(u±)(e, r) = m T 2') /A) . ^((r - u{0)/2'% 
Tfie identity cj(^i) + - ^i) = -2^=+!^ + 0(1) if |^|, |^i - 2^=1 < C and an easy 
calculation shows thats 

(5.3) 

Then we define v by 

^(2)(^;)(e,r) = 2-Si(0 ■ l[o,oo)(0 ■^((r + 2'=+iO/2'°) 

As before, using the identity 2''+^^i-uj{^-^i) = -cj(0 + O(l) if |^i|, |^-2'=| < C, 
we compute 

IVkiOir - ^(0 + i)-' ■ -^(2) ■ vM, r) I > C- V(e - 2') ■ ^(r - ^(0). (5.4) 

Using the definitions, we compute easily 

llM-tllp'a ^ ||M±||Af<^ ~ 2'^^ and H'^IIf'^ ~ 2~^^'^ ■ (3i^k- 

Assuming Q, we need 2^'^'= > C''^{2-^'^ ^i^u) (in view of Q) and 2-^/'^[3i^k > 
(in view of ()5.4p ). This forces o" > and /^i^^ ^ 2^"/^ (compare with ()2.3|) . □ 
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